ABSTRACT. Higher K-groups are defined for regular schemes, generalizing the K-theory of Karoubi and ViUamayor. A spectral sequence is developed which shows how the K-groups depend on the local rings of the scheme. Applications to curves and affine surfaces are given.
Let X be a regular separated scheme. If U is an affine open subset of X, then the assignment U H» BGl(ST(l/, O x )^) is a sheaf of Kan complexes on the Zariski site. Here S denotes the suspension ring functor of Karoubi [10] and if A is a ring, A+ denotes the simplicial ring [11] (AJ n = A[t 09 *!,..., y/(t 0 + ' * ' + t n -1).
We recall that nfiGlA* = K~lA, i ^ 1 [11] , where the K-groups of Karoubi and ViUamayor are indicated [10] . Also, recall that 
Here K q is the sheaf in the Zariski site associated to the presheaf
The properties (1) and (2) are formal properties of sheaves of Kan spectra [4] . Property (4) is immediate, since the Karoubi-Villamayor theory is invariant under polynomial extension. Property (3) however is a theorem whose proof depends on the main results of [7] . In addition the Krull theory of divisors enters in the description of the affine opens of spec A. Full details will be published elsewhere.
Properties (1) and (3) actually serve to provide an axiomatic characterization for the theory, in the category of regular separated noetherian schemes, as a simple induction argument shows. Also, since K n (X) arise as the homotopy of a spectrum, these groups are the coefficient groups (cohomology of a point) in a generalized cohomology theory of complexes.
COROLLARY 2. If X is a regular curve, then there are short exact sequences
This is merely the fact that the spectral sequence of Theorem 1 degenerates at the E 2 level for curves. PROPOSITION 
If A is a Dedekind ring with field effractions F, then the sequence
REMARK. Exactness at K 2 F was shown by Bass if A has only countably many maximal ideals [2] . Exactness at other points is classical.
One makes use of the recently discovered short exact sequence of K. Dennis and M. R. Stein [6] to construct a short exact sequence of sheaves where k v is the residue class field at v. One takes the long exact cohomology sequence associated to this short exact sequence of sheaves, and splices it to the short exact sequences of Corollary 2 to get the result. If X is a complete nonsingular curve over the constant field k, the algebraic closure of a finite field, then using results of Tate [13] we can show that K~2(X) = Tor(fc*,Pic(X)) and K~\X) = k* ® PicX s Jfc*. The first assertion amounts to an identification of K~2(X) with the tame kernel in the function field case.
